Off-shell D=5, N=2 Riemann Squared Supergravity by Bergshoeff, Eric A. et al.
ar
X
iv
:1
10
7.
28
25
v2
  [
he
p-
th]
  1
0 A
ug
 20
11
UG-11-77
MIFPA-11-31
Off-shell D=5, N=2 Riemann Squared Supergravity
Eric A. Bergshoeff 1, Jan Rosseel 1 and Ergin Sezgin 2
1Centre for Theoretical Physics, University of Groningen,
Nijenborgh 4, 9747 AG Groningen, The Netherlands
email: E.A.Bergshoeff@rug.nl, j.rosseel@rug.nl
3George and Cynthia Woods Mitchell Institute for Fundamental Physics and Astronomy,
Texas A& M University, College Station, TX 77843, USA
email: sezgin@tamu.edu
ABSTRACT
We construct a new off-shell invariant in N = 2, D = 5 supergravity whose leading
term is the square of the Riemann tensor. It contains a gravitational Chern-Simons term
involving the vector field that belongs to the supergravity multiplet. The action is obtained
by mapping the transformation rules of a spin connection with bosonic torsion and a set
of curvatures to the fields of the Yang-Mills multiplet with gauge group SO(4, 1). We also
employ the circle reduction of an action that describes locally supersymmetric Yang-Mills
theory in six dimensions.
1 Introduction
It is well-known that in string theory the Einstein action of general relativity gets modi-
fied by an infinite series of terms of higher order in the Riemann tensor. To obtain the
supersymmetric extension of such an infinite series is an open problem. In lower dimensions
there exist auxiliary field formulations of Poincare´ supergravity which makes it possible to
construct supersymmetric actions that contain only the first order correction to the Einstein
action. This has been done for N = 2 supersymmetry in D = 6 dimensions a long time
ago [1–3]. The resulting action contains an Einstein plus a Riemann tensor squared term.
The construction of [1–3] was based on the observation that the Weyl multiplet underly-
ing Poincare´ supergravity has formally the same supersymmetry transformation rules as a
Yang-Mills multiplet, for Yang-Mills group SO(5, 1). Actually, there exist two different Weyl
multiplets [4] and this analogy only works for the so-called Dilaton Weyl multiplet which
contains, amongst others, a dilaton-like scalar field that can be used as the compensating
field for dilatations and an antisymmetric tensor gauge field. In this analogy the Yang-Mills
vector AIµ transforms formally the same as a certain torsionful spin connection ωµ
ab
+ where
the torsion is proportional to the three-form field-strength tensor of the antisymmetric tensor
gauge field. The supersymmetry rules only coincide after fixing the conformal symmetries
using the scalar field to fix the dilatations.
Another example of a supersymmetric higher order invariant has been constructed in
D = 5 dimensions [5]. The leading term of this invariant is a Weyl curvature squared term
that is multiplied by a compensating scalar, to make it invariant under dilatations. This
compensating scalar belongs to a separate gauge multiplet. An interesting feature of this
invariant is that it contains a mixed gauge-gravitational Chern-Simons term
A ∧ tr(R ∧R) , (1.1)
where A belongs to the gauge multiplet and R to the supergravity multiplet. This mixed
Chern-Simons term plays an important role in discussing higher-order corrections to black
hole entropy, see e.g. [6, 7], and higher-order effects in the AdS/CFT correspondence, see
e.g. [8, 9].
In this note we show that, by applying the techniques of [1–3] to N = 2 supersymmetry
in D = 5 dimensions we can construct a higher order invariant that differs from the one
presented in [5]. The leading term of this new invariant is the Riemann tensor squared.
Unlike the invariant of [5] this one is purely gravitational in the sense that the compensating
scalar for dilatations, that multiplies the Riemann tensor squared term, belongs to the Weyl
multiplet. In analogy to (1.1) the new invariant contains a purely gravitational Chern-Simons
term
C ∧ tr(R ∧R) , (1.2)
where both C and R belong to the supergravity multiplet. It is natural to expect that this
term will also be relevant in exploring the effects of higher-derivative corrections in black
hole entropy and the AdS/CFT correspondence.
This paper is organized as follows. In section 2 we will record the relevant elements of
the so-called Dilaton Weyl multiplet and Yang-Mills multiplet with N = 2 supersymmetry
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in 5D. In section 3, we shall go over to a convenient basis for the fields which is equivalent
to fixing the superconformal symmetries, in the sense that the new fields are invariant under
dilatations and S-supersymmetry. Section 4 contains the key observation of this paper which
states that the transformation rules of a spin connection with bosonic torsion and a set of
curvatures in the Dilaton Weyl multiplet formally transform in the same manner as the
fields of a Yang-Mills multiplet with gauge group SO(4, 1). The explicit correspondence
can be found in eq. (4.17). After we dimensionally reduce a locally supersymmetric Yang-
Mills action from 6D to 5D in section 5, we make use of this observation to write down
the supersymmetrization of the Riemann squared term in section 7. Further directions and
comments are presented in the concluding section.
2 Conformal Multiplets
In this section, we will briefly recall some elements of the N = 2 superconformal tensor cal-
culus in five dimensions, that will be useful in the construction of the new higher-derivative
supergravity invariant. More specifically, we will review the relevant Weyl multiplet contain-
ing the various gauge fields of the superconformal symmetries and the Yang-Mills multiplet.
Most of the results presented in this and the next section can be found in [10, 11].
2.1 The Dilaton Weyl Multiplet
There exist two Weyl multiplets in five dimensions, known as the Standard Weyl multiplet
and the Dilaton Weyl multiplet. They were constructed in [10] and contain the same number
of gauge fields but differ in their matter field content. The multiplet that is relevant for
this paper is the Dilaton Weyl multiplet. It consists of the vielbein eµ
a, the gravitino ψiµ,
the dilation gauge field bµ and the SU(2) gauge field V
ij
µ = V
(ij)
µ . These gauge fields are
supplemented with matter fields to form a multiplet consisting of 32 bosonic and 32 fermionic
off-shell degrees of freedom. For the Dilaton Weyl multiplet, these matter fields are given
by a vector Cµ, an anti-symmetric tensor Bµν , a dilaton field σ and a fermion field ψ
i. The
Q- and S-supersymmetry transformations (with parameters ǫi, ηi respectively) are given by
δeµ
a = 1
2
ǫ¯γaψµ ,
δψiµ = Dµ(ω̂)ǫ
i + i γ · Tγµǫ
i − i γµη
i ,
δVµ
ij = −3
2
i ǫ¯(iφj)µ + 4ǫ¯
(iγµχ
j) + i ǫ¯(iγ · Tψj)µ +
3
2
i η¯(iψj)µ ,
δCµ = −
1
2
i σǫ¯ψµ +
1
2
ǫ¯γµψ ,
δBµν =
1
2
σ2ǫ¯γ[µψν] +
1
2
i σǫ¯γµνψ + C[µδ(ǫ)Cν] ,
δψi = −1
4
γ · Ĝǫi − 1
2
i /̂Dσǫi + σγ · Tǫi − 1
4
i σ−1ǫjψ¯
iψj + σηi ,
δσ = 1
2
i ǫ¯ψ ,
3
δbµ =
1
2
i ǫ¯φµ − 2ǫ¯γµχ +
1
2
i η¯ψµ . (2.1)
The ‘soft’ algebra that the Dilaton Weyl multiplet realizes is given in [10]. Several definitions,
some of which will be needed later, are as follows. Firstly,
Dµ(ω̂)ǫ
i = ∂µǫ
i + 1
2
bµǫ
i + 1
4
ω̂abµ γabǫ
i − V ijµ ǫj ,
D̂µσ = ∂µσ − bµσ −
1
2
i ψ¯µψ ,
D̂µψ
i = (∂µ −
3
2
bµ +
1
4
ω̂µ
abγab)ψ
i − V ijµ ψj +
1
4
γ · Ĝψiµ +
1
2
i /̂Dσψiµ
−σγ · Tψiµ +
1
4
iσ−1ψµjψ¯
iψj − σφiµ . (2.2)
Moreover, in the transformation rules we have used the composite fields
Tab =
1
8
σ−2
(
σĜab +
1
6
εabcdeĤ
cde + 1
4
i ψ¯γabψ
)
,
χi = 1
8
iσ−1 /̂Dψi + 1
16
iσ−2 /̂Dσψi − 1
32
σ−2γ · Ĝψi
+1
4
σ−1γ · Tψi + 1
32
i σ−3ψjψ¯
iψj . (2.3)
In fact, Tab, χ and a scalar field D, which does not arise here, constitute the matter fields
of the so-called Standard Weyl multiplet [10], and the above expressions are needed to pass
from this to the Dilaton Weyl multiplet. The expressions for the dependent spin connection
ω̂µ
ab and the S-supersymmetry gauge field φiµ are given by
ω̂abµ = 2e
ν[a∂[µe
b]
ν] − e
ν[aeb]σeµc∂νe
c
σ + 2e
[a
µ b
b] + 1
2
ψ¯[aγb]ψµ +
1
4
ψ¯aγµψ
b,
φiµ =
1
3
i γaR̂′µa
i(Q)− 1
24
i γµγ
abR̂′ab
i(Q) . (2.4)
We have the field strengths for Cµ, Bµν and V
ij
µ defined as
Ĝµν = 2∂[µCν] +
1
2
iσψ¯[µψν] − ψ¯[µγν]ψ , (2.5)
Ĥµνρ = 3∂[µBνρ] +
3
2
C[µGνρ] −
3
4
σ2ψ¯[µγνψρ] −
3
2
i σψ¯[µγνρ]ψ , (2.6)
R̂µν
ij(V ) = 2∂[µVν]
ij − 2V[µ
k(iVν]k
j) − 3iφ¯
(i
[µψ
j)
ν] − 8ψ¯
(i
[µγν]χ
j) − iψ¯
(i
[µγ · Tψ
j)
ν] , (2.7)
and the gravitino curvature as
R̂µν
i(Q) = R̂′µν
i(Q)− 2 i γ[µφ
i
ν] , (2.8)
R̂′µν
i(Q) = 2∂[µψ
i
ν] +
1
2
ω̂[µ
abγabψ
i
ν] + b[µψ
i
ν] − 2V[µ
ijψν] j + 2 i γ · Tγ[µψ
i
ν] . (2.9)
Note that Ĥµνρ is invariant under the bosonic gauge transformations
δCµ = ∂Λ , δBµν = 2∂[µΛν] −
1
2
ΛGµν , (2.10)
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where Gµν = 2∂[µCν]. Finally, for future reference we give the transformation rules
δω̂µ
ab = 1
2
i ǫ¯γabφµ −
1
2
i η¯γabψµ − i ǫ¯γ
[aγ · Tγb]ψµ
−1
2
ǫ¯γ[aR̂µ
b](Q)− 1
4
ǫ¯γµR̂
ab(Q)− 4eµ
[aǫ¯γb]χ , (2.11)
δĤabc = −
3
4
σ2ǫ¯γ[aR̂bc](Q) +
3
2
i ǫ¯γ[abD̂c]ψ +
3
2
i ǫ¯γ[ab]ψD̂c]σ
−3
2
σǫ¯γ[aγ · Tγbc]ψ −
3
2
ǫ¯γ[aĜbc]ψ −
3
2
ση¯γabcψ , (2.12)
δĜab = −
1
2
i σǫ¯R̂ab(Q)− ǫ¯γ[aD̂b]ψ + i ǫ¯γ[aγ · Tγb]ψ + i η¯γabψ . (2.13)
This concludes our short review of the Dilaton Weyl multiplet.
2.2 The Yang-Mills Multiplet
The off-shell non-abelian D = 5, N = 2 vector multiplet consists of 8n + 8n bosonic and
fermionic degrees of freedom (where n denotes the dimension of the gauge group). Denoting
the Yang-Mills index by I (I = 1, · · · , n), the bosonic field content consists of vector fields
AIµ, scalar fields ρ
I and auxiliary fields Y ij I = Y (ij) I , that are SU(2)-triplets. The fermion
fields are given by SU(2)-doublets λiI .
The Q- and S-transformations of the vector multiplet, in the background of the Dilaton
Weyl multiplet, are given by [11]
δAIµ = −
1
2
i ρI ǫ¯ψµ +
1
2
ǫ¯γµλ
I ,
δY ij I = −1
2
ǫ¯(i /̂Dλj)I + 1
2
i ǫ¯(iγ · Tλj)I − 4 i ρI ǫ¯(iχj) + 1
2
i η¯(iλj)I − 1
2
i gǫ¯(ifJK
IρJλj)K ,
δλiI = −1
4
γ · F̂ Iǫi − 1
2
i /̂DρIǫi + ρIγ · Tǫi − Y ij Iǫj + ρ
Iηi ,
δρI = 1
2
i ǫ¯λI . (2.14)
We have used here the superconformally covariant derivatives
D̂µ ρ
I = (∂µ − bµ)ρ
I + gfJK
IAJµρ
K −
1
2
i ψ¯µλ
I , (2.15)
D̂µλ
iI = (∂µ −
3
2
bµ +
1
4
ω̂µ
abγab)λ
iI − V ijµ λ
I
j + gfJK
IAJµλ
iK
+
1
4
γ · F̂ Iψiµ +
1
2
i /̂DρIψiµ + Y
ijIψµ j − ρ
Iγ · Tψiµ − ρ
Iφiµ , (2.16)
and the supercovariant Yang-Mills curvature
F̂ Iµν = 2∂[µA
I
ν] + gfJK
IAJµA
K
ν − ψ¯[µγν]λ
I +
1
2
i ρI ψ¯[µψν] . (2.17)
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3 Change of Basis
In what follows, it turns out to be convenient to change to a basis, denoted by tilded fields,
in which all fields are dilatation and S-supersymmetry invariant. In terms of the original
fields the tilded fields are given by
e˜aµ = σe
a
µ ,
ψ˜iµ = σ
1/2ψiµ + i σ
−1/2γµψ
i ,
V˜ ijµ = V
ij
µ −
3
2
i σ−1ψ¯(iµψ
j) + 3
4
σ−2ψ¯(iγµψ
j) ,
B˜µν = Bµν ,
C˜µ = Cµ ,
ǫ˜ = σ1/2ǫ . (3.1)
Dropping the tildes for convenience in notation, we find that the supersymmetry transfor-
mation rules in the new basis are given by
δeµ
a = 1
2
ǫ¯γaψµ ,
δψiµ = Dµ(ω̂−)ǫ
i − 1
2
i Ĝµνγ
νǫi ,
δVµ
ij = 1
2
ǫ¯(iγνψj)µν −
1
6
ǫ¯(iγ · Ĥψj)µ −
1
4
i ǫ¯(iγ · Ĝψj)µ ,
δCµ = −
1
2
i ǫ¯ψµ ,
δBµν =
1
2
ǫ¯γ[µψν] + C[µδ(ǫ)Cν] , (3.2)
where we have used the torsionful spin connection
ω̂µ
ab
± = ω̂µ
ab ± Ĥµ
ab , (3.3)
ω̂abµ = 2e
ν[a∂[µe
b]
ν] − e
ν[aeb]σeµc∂νe
c
σ +
1
2
ψ¯[aγb]ψµ +
1
4
ψ¯aγµψ
b (3.4)
and the supercovariant curvatures
ψ̂µν = 2D[µ(ω̂−)ψν] + iγ
λĜλ[µψν] , (3.5)
Ĝµν = 2∂[µCν] +
1
2
i ψ¯[µψν] , (3.6)
Ĥµνρ = 3∂[µBνρ] −
3
4
ψ¯[µγνψρ] +
3
2
C[µGνρ] . (3.7)
For the purposes of the next section we also define the supercovariant curvature
V̂µν
ij = 2∂[µVν]
ij − 2V[µ
k(iVν]k
j) − ψ¯
(i
[µγ
ρψ̂
j)
ν]ρ
+1
6
ψ¯(iµ γ · Ĥψ
j)
ν +
1
4
iψ¯(iµ γ · Ĝψ
j)
ν . (3.8)
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The redefinitions (3.1) are in fact equivalent to fixing the dilatation, special conformal
transformations and S-supersymmetry by imposing the gauge conditions
σ = 1 , bµ = 0 , ψ
i = 0 . (3.9)
The first of these conditions fixes the dilatation symmetry, the second fixes the special
conformal transformations, while the last condition fixes the S-supersymmetries. We stress
that the gauge fixing performed here is merely a way to describe a field redefinition and will
not be used to obtain an off-shell Poincare´ supergravity theory. In fact, for that purpose a
new compensating multiplet, which has been taken to be a linear multiplet in [11], is needed.
In order for the condition ψi = 0 to be invariant under supersymmetry, one has to modify
the supersymmetry rules by adding a compensating S-supersymmetry transformations with
parameter
ηi =
(
−γ · T +
1
4
γ · Ĝ
)
ǫi . (3.10)
The second gauge condition in (3.9), in turn, leads to the compensating conformal boost
transformations with parameter
ΛKµ = −
1
4
i ǫ¯φµ −
1
4
i η¯ψµ + ǫ¯γµχ , (3.11)
with η as given in (3.10).
Similarly, we change basis for the Yang-Mills multiplet by defining the dilatation and
S-supersymmetry invariant tilded fields as
A˜Iµ = A
I
µ ,
Y˜ ijI = σ−2Y ijI + 1
10
σ−2ψ¯(iµ γ
µλj)I − 1
20
iσ−2ρI ψ¯(iµψ
j)µ ,
λ˜iI = σ−3/2λiI − 1
5
iσ−3/2ρIγµψiµ ,
ρ˜I = σ−1ρI . (3.12)
Again, dropping the tildes for convenience in notation, we find the supersymmetry transfor-
mation rules
δAIµ = −
1
2
i ρI ǫ¯ψµ +
1
2
ǫ¯γµλ
I ,
δY ij I = −1
2
ǫ¯(i /̂Dλj)I − 1
24
ǫ¯(iγ · Ĥλj)I − 1
2
igǫ¯(ifJK
IρJλj)K ,
δλiI = −1
4
(
γ · F̂ I − ρIγ · Ĝ
)
ǫi − 1
2
i /̂DρIǫi − Y ij Iǫj ,
δρI = 1
2
i ǫ¯λI , (3.13)
where F̂ Iµν and D̂µ ρ
I are as defined in (2.17) and (2.15), respectively, and
D̂µλ
iI = (∂µ +
1
4
ω̂µ
abγab)λ
iI − V ijµ λ
I
j + gfJK
IAJµλ
iK
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+1
4
(
γ · F̂ I − ρIγ · Ĝ
)
ψiµ +
1
2
i /̂DρIψiµ + Y
ij Iψµ j . (3.14)
With these results at hand, we are ready to make a connection between the Dilaton Weyl
multiplet and Yang-Mills multiplet transformation rules.
4 The Weyl multiplet as a Yang-Mills Multiplet
In this section, we will show that the following multiplet of fields(
ω̂µ
ab
+ , −ψ̂
i
ab, −V̂ab
ij, Ĝab
)
, (4.1)
defined in (3.3), (3.5), (3.8) and (3.6), respectively, transforms as a Yang-Mills multiplet
(
AIµ, λ
iI , Y ij I , ρI
)
, (4.2)
where the antisymmetric index pair ab plays the role of the Yang-Mills index I, for Yang-
Mills group SO(4, 1). In the above the definition of the gravitino curvature that follows from
(3.5) is given by
ψ̂ab = 2D[a(ω̂, ω̂−)ψb] + iγ
cĜc[aψb] , (4.3)
where it is important to note that in Da(ω̂, ω̂−)ψb, the connection ω̂ rotates the Lorentz
vector index, while the connection ω̂− rotates the Lorentz spinor index.
Next, we calculate the transformation rules of ω̂µ
ab
+ and Ĝab. In the new basis, we find
δω̂µ
ab = −1
2
ǫ¯γ[aψ̂µ
b] − 1
4
ǫ¯γµψ̂
ab − 1
2
ǫ¯γcψµĤcab −
1
2
i ǫ¯ψµĜab ,
δĤµab = −
1
2
ǫ¯γ[aψ̂b]µ −
1
4
ǫ¯γµψ̂ab +
1
2
ǫ¯γcψµĤcab , (4.4)
δĜab = −
1
2
i ǫ¯ψ̂ab . (4.5)
From the first two equations it readily follows that
δω̂µ
ab
+ = −
1
2
i Ĝabǫ¯ψµ −
1
2
ǫ¯γµψ̂
ab . (4.6)
Comparing these results with the transformation rules of the Yang-Mills multiplet, one sees
that they indeed agree upon making the identification
ω̂µ
ab
+ ↔ A
I
µ , ψ̂
i ab ↔ −λiI , Ĝab ↔ ρI . (4.7)
Next, we compute the transformation rule for ψ̂iab. We find
δψ̂iab =
1
4
R̂abcd(ω̂−)γ
cdǫi − V̂ab
ijǫj − i D̂[a(ω̂, ω̂−)Ĝb]cγ
cǫi + 1
2
ĜcaĜbdγ
cdǫi , (4.8)
where R̂abcd(ω̂−) denotes the super-covariant curvature of the torsionful connection ω̂−, and
in D̂a(ω̂, ω̂−)Ĝbc it is important to note that the connection ω̂ rotates the Lorentz vector
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index b, while the connection ω̂− rotates the index c. This follows from (4.3). Next, using
the Bianchi identity for Ĥ
D̂[a(ω̂)Ĥbcd] =
3
4
Ĝ[abĜcd] , (4.9)
one finds that
R̂abcd(ω̂−) = R̂cdab(ω̂+)−
(
ĜabĜcd + 2Ĝa[cĜd]b
)
. (4.10)
If one furthermore uses the Bianchi identity D̂[a(ω̂)Ĝcd] = 0, one finds the final result
δψ̂iab =
1
4
γcdR̂cdab(ω̂+)ǫ
i − V̂ab
ijǫj +
1
2
iγµD̂µ(ω̂+)Ĝabǫ
i − 1
4
Ĝabγ · Ĝǫ
i , (4.11)
where in D̂µ(ω̂+)Ĝab, the connection ω̂+ rotates both of the indices a and b. Upon using the
identifications (4.7), one sees that this transformation rule indeed assumes the form of δλiI ,
see (3.13), if one makes the extra identification
V̂ab
ij ↔ −Y ij I . (4.12)
Finally, we calculate the transformation rule of V̂ab
ij in a similar way. We find
δV̂ab
ij = ǫ¯(iγcD̂[a(ω̂, ω̂−)ψb]c −
1
6
ǫ¯(iγ · Ĥψ̂
j)
ab −
1
4
iǫ¯(iγ · Ĝψ̂
j)
ab , (4.13)
where in D̂a(ω̂, ω̂−)ψbc the connection ω̂ acts on the index b while the connection ω̂− acts on
the index c and the spinor index. Upon using the Bianchi identity
D̂[a(ω̂)ψ̂
i
bc] = −
1
6
iγd
(
2Ĝd[aψ̂
i
b]c + Ĝdcψ̂
i
ab
)
, (4.14)
we then find
δV̂ab
ij = −1
2
ǫ¯(i /̂D(ω̂, ω̂−)ψ̂
j)
ab −
1
6
ǫ¯(iγ · Ĥψ̂
j)
ab − i ǫ¯
(iĜd[aψ̂
j)
b]d , (4.15)
where, in D̂µ(ω̂, ω̂−)ψ̂
j)
ab the connection ω̂ rotates the spinor index, while the connection ω̂−
rotates the Lorentz vector indices. The expression (4.15) can equivalently be written as
δV̂ab
ij(V ) = −1
2
ǫ¯(i /̂D(ω̂, ω̂+)ψ̂
j)
ab −
1
24
ǫ¯(iγ · Ĥψ
j)
ab − i ǫ¯
(iĜd[aψ̂
j)
b]d , (4.16)
where in D̂c(ω̂, ω̂+)ψ̂ab the connection ω̂ acts on the spinor index, while ω̂+ acts on both of the
indices a and b. This result indeed agrees with the corresponding Yang-Mills transformation
rule, upon using the identifications (4.7) and (4.12).
Summarizing, we find the correspondence


AIµ
Y ijI
λiI
ρI


←→


ω̂µ
ab
+
−V̂ab
ij
−ψ̂iab
Ĝab


. (4.17)
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This concludes our discussion of the analogy between the Dilaton Weyl multiplet and
the Yang-Mills multiplet. After constructing the coupling of the Yang-Mills multiplet to the
Weyl multiplet by means of dimensional reduction from 6D in the next section, we shall
use the correspondence (4.17) to obtain the Riemann squared invariant in the subsequent
section.
5 Yang-Mills Coupled to Weyl in 6D and Dimensional
Reduction to 5D
In this section we will verify that the 5D local supersymmetry transformations of the Weyl
multiplet and Yang-Mills multiplet given above follow precisely from a suitable circle reduc-
tion and truncation of the known counterparts in 6D [4]. Next, we will reduce the action
in 6D that describes the coupling of a Yang-Mills multiplet to the Weyl multiplet [4] down
to 5D. Using these results, we shall then construct in section 6 the new supersymmetric
Riemann tensor squared invariant by making use of the analogy between the nonabelian
vector multiplet and the Dilaton Weyl multiplet, derived in the previous section.
5.1 The 6D Action for Yang-Mills Coupled to Weyl
The 6D Weyl multiplet with the superconformal symmetries gauge-fixed, or equivalently
with suitable field redefinitions amounting to the same thing, consists of the vielbein EM
A,
gravitino ΨiM , the SU(2) valued vector fields V
ij
M and the 2-form potential BMN . Their
supersymmetry transformations are given by [2]
EB
MδEM
A = 1
2
ε¯ΓAΨB ,
δΨA = DA(Ω̂)ε+
1
8
ĤA
BCΓBCε−
(
EA
MδEM
B
)
ΨB ,
δV ijA = ε¯
(iΓBΨ
j)
AB −
1
6
ε¯(iΓBCDΨ
j)
AĤBCD −
(
EA
MδEM
B
)
V
ij
B ,
δBAB = −ε¯Γ[AΨB] + 2
(
E[A|
MδEM
C
)
B|B]C , (5.1)
where
Ψ̂iAB = 2D[A(Ω̂)Ψ
i
B] +
1
4
ĤCD[AΓ
CDΨiB] + TAB
CΨiC ,
ĤABC = 3∂[ABBC] +
3
2
Ψ¯[AΓBΨC] − 3T[AB
DBC]D ,
TAB
C = EA
MEB
N
(
∂MEN
C − ∂NEM
C
)
, (5.2)
and
Ω̂C
AB = 2EMC E
N [A∂[MEN ]
B] − EMAENB∂[MEN ]C +
1
2
Ψ¯CΓ
[AΨB] + 1
4
Ψ¯AΓCΨ
B ,
DA(Ω̂)εi = ∂Aε
i + 1
4
Ω̂A
BCΓBCε
i + 1
2
V
ij
A εj . (5.3)
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Turning to the 6D Yang-Mills multiplet, it consists of a vector WM , a spinor Ω
i and a
triplet of auxiliary fields Yij. The superconformal gauge fixed Yang-Mills supermultiplet
transformations take the form [2]
δWA = −ε¯ΓAΩ−
(
EA
MδEM
B
)
WB ,
δΩi = 1
8
ΓABF̂ABε
i − 1
2
Y ijεj ,
δY ij = −ε¯(iΓAD̂AΩ
j) − 1
24
ε¯(iΓABCΩj)ĤABC , (5.4)
where WA = W
I
ATI , and similarly for the other members of the Yang-Mills multiplet, where
TI are the generators of the Yang-Mills gauge group, and
F̂AB = 2∂[AWB] + g[WA,WB] + 2Ψ¯[AΓB]Ω + TAB
CWC , (5.5)
D̂AΩ
i = ∂AΩ
i + 1
4
Ω̂A
BCΓBCΩ
i + 1
2
V
ij
AΩj − g[WA,Ω
i]
−1
8
ΓBCF̂BCΨ
i
A +
1
2
Y ijΨAj . (5.6)
Finally, the locally supersymmetric Lagrangian in 6D that describes the couplings of the
superconformal gauge fixed Yang-Mills multiplet and Weyl multiplet is given by [4]
E−1L6 = −
1
4
F IABF
AB
I − 2Ω¯Γ
ADAΩ + Y
I
ijY
ij
I −
1
16
εABCDEFBABF
I
CDF
I
EF
+1
4
(
F IAB + F̂
I
AB
)
Ω¯IΓCΓABΨC +
1
12
ĤABCΩ¯
IΓABCΩI , (5.7)
where F Iµν is the ordinary Yang-Mills field strength and
DAΩ
i = ∂AΩ
i + 1
4
Ω̂A
BCΓBCΩ
i + 1
2
V
ij
AΩj − g[WA,Ω
i] . (5.8)
5.2 Dimensional Reduction to 5D
We begin by making the ansatz1
EM
A =
(
eµ
a −Cµ
0 1
)
, EA
M =
(
ea
µ ea
µCµ
0 1
)
,
Bab = −2ea
µeb
νBµν , Ba5 = −ea
µCµ , V
ij
a = −2ea
µV ijµ , V
ij
5 = 0 ,
Ψa = ea
µψµ , Ψ5 = 0 , ε = ǫ ,
Wa = ea
µAµ , W5 = ρ , Y
ij = −Y ij , Ω = −1
2
λ . (5.9)
We also let
Γa = iγaγ5 , ε¯ = iǫ¯γ5 , ε
abcde5 = εabcde . (5.10)
1Due the sign in the relation between Bab and Bab, the torsionful spin connection ω̂− in [1] corresponds
to ω̂+ here.
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The second expression in (5.10) applies to all Dirac conjugated spinors. Note also that we
have identified the Kaluza-Klein vector originating from the 6D metric with Ba5, and we
have set to zero V ij5 and Ψ5. This amounts to a consistent truncation of a single off-shell
vector multiplet in 5D.
It is now a straightforward exercise to show that the above ansatz yields precisely the
local supersymmetry transformations (3.2) and (3.13). In doing so, and in reducing the
Lagrangian (5.7) to 5D, it is useful to note the relations
F̂ab = F̂ab − ρĜab , F̂a5 = D̂aρ ,
Ĥabc = −2Ĥabc , Ĥab5 = −Ĝab ,
Ω̂c
ab = ω̂c
ab , Ω̂5
ab = 1
2
Ĝab , Ω̂a
b5 = −1
2
Ĝa
b , (5.11)
where F̂ Iµν , Ĝµν , Ĥµνρ and ω̂
ab
µ are defined in (2.17), (3.6), (3.7) and (3.4), respectively.
It is also useful to record the results
DaΩ = −
1
2
Da(ω̂)λ+
1
8
iĜabγ
bλ ,
D5Ω = −
1
16
Ĝabγ
abλ . (5.12)
Armed with these results, it is straightforward to reduce the Lagrangian (5.7) to 5D. The
result is as follows:
e−1L5 = −
1
4
(
F Iµν − ρ
IGµν
) (
F µνI − ρIGµν
)
− 1
2
Dµρ
IDµρI − 1
2
λ¯I /DλI + Y IijY
ijI
+ 1
16
εµνρσλ
(
F Iµν − ρ
IGµν
) [
(F Iρσ − ρ
IGρσ)Cλ + 8BρσDλρ
I
]
−1
2
iλ¯Iγνγµψν
(
Dµρ
I − 1
4
iψ¯µλ
I
)
−1
4
(
F Iµν − ρ
IGµν −
1
2
ψ¯µγνλ
I
)
λ¯Iγργµνψρ
− 1
24
Ĥµνρλ¯
IγµνρλI − 1
8
iĜµν λ¯
IγµνλI . (5.13)
This Lagrangian will be our starting point for constructing the supersymmetric Riemann
tensor squared action in the next section.
6 The Riemann Squared Invariant
To obtain the Riemann squared invariant, we make the substitutions (4.17) in the Lagrangian
(5.13). Thus we find the main result of this paper given by
e−1L(R2) = −1
4
[
Rµνab(ω̂+)−GµνĜab
] [
Rµνab(ω̂+)−G
µνĜab
]
−1
2
Dµ(ω̂+)Ĝ
abDµ(ω̂+)Ĝab + V̂µν
ijV̂ µνij −
1
2
ψ̂ab /D(ω̂, ω̂+)ψ̂ab
12
+ 1
16
εµνρσλ
(
Rµνab(ω̂+)−GµνĜab
)(
Rρσ
ab(ω̂+)−GρσĜ
ab
)
Cλ
+1
2
εµνρσλ
(
Rµνab(ω̂+)−GµνĜab
) (
Dλ(ω̂+)G
ab
)
Bρσ
−1
2
iψ¯νγ
µγνψ̂abD̂µ(ω̂+)Ĝab +
1
4
(
Rµνab(ω̂+)−GµνĜab
)
ψ¯ργ
µνγρψ̂ab
− 1
24
Ĥµνρ
̂¯ψabγµνρψ̂ab − 18iĜµν ̂¯ψabγµνψ̂ab
−1
8
ψ¯νγ
µγνψ̂abψ¯µψ̂ab +
1
8
ψ¯ργ
µνγρψ̂abψ¯µγνψ̂ab . (6.1)
The action of this Lagrangian is invariant under the off-shell N = 2, D = 5 supersymmetry
transformations given in (3.2). The use of the Lorentz vector indices is motivated by the
substitution rule (4.17). As a consequence, in Dµ(ω̂+)Ĝab the spin connection ω̂+ rotates the
indices a and b, while in Dµ(ω̂, ω̂+)ψ̂ab the connection ω̂ rotates the spinor index, and the
connection ω̂+ rotates the indices a and b.
The purely bosonic part of the Lagrangian takes the form
e−1L(R2)bosonic = −
1
4
[Rµνab(ω+)−GµνGab]
[
Rµνab(ω+)−G
µνGab
]
−1
2
Dµ(ω+)G
abDµ(ω+)Gab + Vµν
ijV µνij
+ 1
16
εµνρσλ (Rµνab(ω+)−GµνGab)
(
Rρσ
ab(ω+)−GρσG
ab
)
Cλ
+1
2
εµνρσλ (Rµνab(ω+)−GµνGab)
(
Dλ(ω+)G
ab
)
Bρσ . (6.2)
It is possible to extend the above result by adding the Hilbert-Einstein term, as well as the
Weyl squared invariant of [5]. To do so, one first performs the inverse of the field redefinitions
(3.1) making the fields σ and ψi explicit. Next, the Weyl squared invariant of [5], prior to any
conformal symmetry gauge fixing, can be added to our action. The Standard Weyl multiplet
used in that action can be converted to the Dilaton Weyl multiplet by using the map that
exists between these two multiplets, see eqs. (2.3) and (2.3). Finally, a superconformal
version of the Einstein action, using the linear multiplet as a compensating multiplet, can
be added to these two actions. A conformal gauge-fixing at the very end then leads to
the desired result. Alternatively, instead of giving the Einstein actoin a superconformal
treatment, one can also reduce the off-shell Poincare´ supergravity constructed in [4, 12] to
5D in a manner described in this work.
We note that in the off-shell Poincare´ supergravity theory the vector fields Vµ
ij are
auxiliary. However, with the addition of our Riemann squared invariant, these fields acquire
kinetic terms and become dynamical. Such dynamical auxiliary fields should be treated with
care in a string theory approximation. 2
2We thank Bernard de Wit for a clarifying discussion on this point.
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7 Conclusions
In this note we have constructed a new D = 5,N = 2 supersymmetric Riemann tensor
squared action. A noteworthy feature of this action is that it contains the purely gravitational
Chern-Simons action (1.2). This is in contrast to the higher order invariant constructed in [5]
whose leading term is the Weyl tensor squared and which contains the mixed Chern-Simons
term (1.1). The latter invariant plays an important role in higher-order considerations in
black hole entropy calculations and the AdS/CFT correspondence. We expect our newly
constructed invariant to play a similar role too. In particular, it would be interesting to see
whether our new action may lead to higher-order corrections to the entropy formula of black
holes in a similar way as the higher-order invariant of [5] did [17]. In this context, it is of
interest to note that a similar torsionful Riem2-invariant in three dimensions did not lead to
any correction of the central charge of the corresponding boundary conformal field theory
due to a curvature with paralellizing torsion [13]. For general R2-invariants, however, one
does expect corrections, see e.g. [18].
Our construction was based on the methods developed some time ago in the context
of D = 6 dimensions [1–3]. Both in D = 6 and D = 5 dimensions use is made of the
observation that the underlying Weyl multiplet contains a dilaton scalar field which acts
as the compensating field for dilatations. For this reason this multiplet was nominated
the Dilaton Weyl multiplet. It turns out in a special basis where all fields are inert under
dilatations and S-supersymmetry the Dilaton Weyl multiplet transforms precisely as a Yang-
Mills multiplet whose action can easily be constructed. This is what makes the construction
of the D = 5 Riemann tensor squared invariant feasible.
The maximally symmetric vacuum solutions and the resulting spectrum corresponding
to the Riem2 action (6.2) remain to be investigated. The field redefinitions (3.1) make the
model invariant under the superconformal transformations (2.1), similar to a Brans-Dicke
type realization of a conformal Einstein action. Therefore, the conformal symmetries may
be viewed as a “fake” symmetry in a sense. Consequently, whether the formulation of the
theory in this set up can lead to the possibility of discarding potentially ghostly states in a
manner proposed in [14], and investigated further in [15, 16], remains to be studied. In this
context, it is of interest to note that in any dimension D the Riemann tensor squared (Riem2)
can be written as the sum of a Weyl tensor squared (C2) and a fourth-order derivative action
for a compensating scalar φ, both of which have been considered in [14], as follows [2]
Rµν
abRµν
ab = φD−4Cµν
abCµν
ab + (D − 2)φD−2(Dµ∂νφ
−1)(Dµ∂νφ
−1)
+4φD−2(Dλ∂λφ
−1)2 − 8(D − 1)φD−1(Dλ∂λφ
−1)(∂µφ
−1)2 (7.1)
+2D(D − 1)(∂νφ
−1)2(∂νφ
−1)2 .
Finally, following [19] the compactification of the new R+R2 invariant over S2 to D = 3
dimensions is expected to yield, after truncation, a supersymmetric version of topological
massive gravity. It would be interesting to explicitly perform this reduction.
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